We define, in each finite group G, some subgroups of Frattini-type in relation with a saturated formation and with a set of primes and study their properties, especially their influence in the structure of G.
Introduction
All groups considered are finite. Since the classification of the finite simple groups, one of the main goals in finite group theory has been to obtain a good understanding of the subgroup structure of finite groups. One approach is to study the maximal subgroups. The knowledge of the maximal subgroups of a finite group often yields a wealth of information about the group itself. For instance, one can read off all its primitive permutation representations if its maximal subgroups are known.
Gaschiitz in [7] and Bechtell in [l] study the intersection of all self-normalizing maximal subgroups of a finite group. This subgroup is denoted by L(G). There, they proved that L(G) is a nilpotent group. According to our definitions, a maximal subgroup M of a group G is self-normalizing in G if and only if A4 is J-abnormal in G (here, &denotes the class of all nilpotent groups). Thus, L(G) = n {MI G 1 M is &-abnormal maximal subgroup of G}. Inspired by Gaschiitz's result, we ask ourselves if an analogous result holds for any saturated formation g'. In this paper, a satisfactory answer is obtained for subgroup-closed saturated formations containing the class of nilpotent groups (Corollary 3.4). Following this idea, we also study other generalizations of the Frattini subgroup of a finite group and investigate their influence in the structure of the group. ' The reader is assumed to be familiar with the theory of Schunck classes and saturated formations of finite groups and their projectors and covering subgroups. We introduce here three subgroups, CL,g(G), L,-(G,n) and CL,$(G,n), related with a saturated formation 9 and with a set of primes 7c and study their properties.
We prove that CL,-(G) has a nilpotent $-residual. Moreover if 71 = {p}, L#(G, p) is an $.9-group and CL,*(G, p) is an Y$-group under certain hypothesis about its g-residual.
When @ is the class of nilpotent groups or the class of supersoluble groups, we obtain some well-known results. The P@-groups (groups which are extension of a soluble group by an g-group) are very important in the theory of saturated formations. It is well known that the definitions of @-projector and @-covering subgroup make perfectly good sense for finite (non-necessarily soluble) groups and gprojectors exist in all finite groups -yet they need not be @-covering subgroups and, even worse, g-covering subgroups do not exist in general. However, in m-groups the g-projectors enjoy the classical properties of their analogues in soluble groups: they form a conjugacy class of .@--covering subgroups (cf. [4-61).
Notation and preliminaries
First recall that a primitive group is a group G such that for some maximal subgroup U of G, U, = 1 (where Uo is the intersection of all G-conjugates of U, i.e., the unique largest normal subgroup of G contained in U). A primitive group is of one of the following types: (1) Sot(G), the socle of G, is an abelian minimal normal subgroup of G, complemented by U. (2) Sot(G) is a non-abelian minimal normal subgroup of G. (3) Sot(G) is the direct product of the two minimal normal subgroups of G which are both non-abelian and complemented by U.
We will denote by 9 the class of all primitive groups and by s:, i E { 1,2,3} the class of all primitive groups of type i.
Let A4 be a maximal subgroup of a group G. Then the group X= G/M, is a primitive group; we say that M is of type i if XE Yi (15 ir 3).
For basic properties of primitive groups, the reader is referred to [5, 6] . Let g be a saturated formation. A maximal subgroup h4 of a group G is said g-normal in G, if the primitive group G/M, lies in 9 and called @-abnormal otherwise.
A subgroup-closed saturated formation is a saturated formation $, such that if G is an g-group, every subgroup of G is an g-group. Let z be a set of primes and 175 G. Denote by IG : HI, the n-part of JG : HI. The rest of the notation is standard and can be found mainly in [9] .
Definitions.
Given a group G, a saturated formation @ and a set of primes n, we consider the following families of maximal subgroups of G: 
CL&G, n). Denoting by S(G) whatever of the above defined four subgroups, it is easy to prove that S(G)K/KsS(G/K)
for every KIT G, and if K<S(G), S(G/K) = S(G)K/K.
For n= (p}, we simply denote J~,
The subgroups L,(G,p) and CL&G)
In this section, @ will denote a subgroup-closed saturated formation containing Jv, the class of nilpotent groups. Bhattacharya and Mukherjee, in [9] , study the subgroup QP(G) = n (A4 1 A4 is a maximal subgroup of G, /G : A$, = l}. There, they prove that Q,,(G) has a normal Sylow p-subgroup P, such that GP(G)/P is a nilpotent group. This is to say that QP(G) E YP.A' or, equivalently, the s-residual of QP(G) is a p-group.
Here, we prove that the subgroup Lg(G,p) lies in YP@ and study the intersection of two of these subgroups corresponding to two distinct primes. Moreover, we prove that the g-residual of CLIF(G) is nilpotent.
Lemma. If a group GE m contains a normal @-projector, then G is an g-group.
Proof. Suppose the result is false and let G be a minimal counterexample. Proof. Denote by S(X) = L&(X, p) for every group X. We split the proof into three steps:
Step 1: Every Sylow p-subgroup of G$n S(G) is a normal subgroup of G. Let
P be a Sylow p-subgroup of GsFn S(G); we have that G = (Ggfl S(G))No(P).
Suppose that P is not normal in G. Then there exists a maximal subgroup M of G containing NG(P). We have that G= G"M and M is @'-abnormal in G. Since
Thus P is a normal subgroup of G.
Step 2. If the g-residual of S(G) is a p'-group, then S(G) is an g-group.
Denote by T the @-residual of S(G) and suppose that T is a PI-group. Let A4 be an g- we have that S(G) is an g-group.
Step 3. Conclusion. If T is a p'-group, then S(G) E @C $@. Therefore, we can suppose that p divides the order of T. By Step 1, there exists a Sylow p-subgroup P of T such that P is a normal subgroup of G. Now, S(G/P) = S(G)/P and the @-residual of S(G)/P is T/P. Since T/P is a p'-group, we have that T= P by step Finally, we study the subgroup CL,(G).
Proposition.

Let G be a group. Then the .!F-residual of CLg(G) is nilpotent, i.e. CL,(G) E fig.
Proof. We use induction on ICI. Denote by T the g-residual of CL&G).
We can suppose Tf 1. Let p be the largest prime dividing the order of T. Then, T has a normal Sylow p-subgroup P. Let N be a minimal normal subgroup of G such that Nc P. By induction T/N is nilpotent. If B is another minimal normal subgroup of G, then TB/B is nilpotent. Therefore, T is nilpotent and the proposition is proved.
Thus, we can assume that G possesses a unique minimal normal subgroup N, which is a p-group.
Suppose that N<@(G).
Then, T/Tn@(G)
is nilpotent. Applying is not an g-group.
Take for instance the group G in Example 1 and 9=Jv.
The J-abnormal maximal subgroups of G of composite index are the Hall 2'-subgroups again and CL&(G)=G, which is not nilpotent. Obviously, CL,-(G) is not always a supersoluble group: take, for example, a non-supersoluble formation @ and a non-supersoluble g-group.
In fact, we next prove that the formations 9 such that CL,-(G) is supersoluble for all groups G are exactly those composed by supersoluble groups.
3.11, Theorem. 9~ a, the formation of supersoluble groups, if and only if
CLTq(G) is supersoluble for every group G.
Proof. Suppose, first, that @ is contained in 4V. We show that CL,(X) is supersoluble for every group X. Assume that the result is false and take G a minimal counterexample.
Then T= CL&G)" # 1. Let N be a minimal normal subgroup of G such that NI T. Thus, CL,(G) = G which is supersoluble.
Therefore, @ is contained in ozl. 0
The subgroup CL&G, n)
In this section, @ will denote a subgroup-closed saturated formation. On the other hand, if q is a prime, then the cyclic group of order q lies in z@.
Then, if G is a soluble group with a normal &-projector, arguing as in the proof of Lemma 3.1. we conclude that G E X. Arguing as in (a), we conclude that S(G)eZ. Consequently, we can assume that NI (P(G). Consider P an 3&projector of S(G). Since S(G)/Ne x, we have that S(G) = NP. Now, Proj,,(S(G)) is a conjugacy class of subgroups of S(G). Then, G=S(G)No(P). Then G=No(P). Applying the above theorem, S(G) is an %-group. 0 CL,F(G, n) in the case @= (1) is the subgroup S,(G) defined in [2] . Therefore, in [2, Theorem lo] the hypothesis of n-solubility of G is unnecessary.
